Abstract. We establish an integral-geometric formula for minimal twospheres inside homogeneous three-spheres, and use it to provide a characterisation of each homogeneous metric on the three-dimensional real projective space as the unique metric with the largest possible twosystole among metrics with the same volume in its conformal class.
Introduction
Let RP 3 be the three-dimensional real projective space, and F denote the non-empty set consisting of all embedded surfaces in RP 3 that are diffeomorphic to the two-dimensional projective plane RP 2 . Given a Riemannian metric g on RP 3 , we define
Σ∈F area(Σ, g).
In this paper, the geometric invariant above will be called the two-systole of (RP 3 , g). The term has been used to name slightly different invariants in the literature, depending on the choice of the set F (cf. [10] , Sections 1 and 4.A.7, and [5] , Section 5). The first systematic study of such invariants was done by Berger in [5] , where he sought generalisations of Pu's inequality [15] for the (one)-systole of real projective planes, i.e. the smallest length of a non-trivial loop in (RP 2 , g). Berger computed that the two-systole of the standard round metric g 1 on RP 3 , with constant sectional curvature one, is equal to 2π (see [5] , Théorème 7.1). This number is precisely the area of the totally geodesic projective planes in (RP 3 , g 1 ). In [6] , Bray, Brendle, Eichmair and Neves studied how the two-systole behaves under the Ricci flow, proving along the way a sharp upper bound for A(RP 3 , g) in terms of the minimum value of the scalar curvature of (RP 3 , g) (see [6] , Theorems 1.1 and 1.2). An important part of their analysis was to show that the infimum defining A(RP 3 , g) is actually attained by an embedded area-minimising projective plane in (RP 3 , g) (see [6] , Proposition 2.3).
In this paper, we investigate how large can be the normalised two-systole,
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among metrics inside a conformal class defined by a homogeneous metric on RP 3 , i.e. a Riemannian metric whose isometry group acts transitively. The result we obtain is the following: .
Moreover, equality holds if and only if g is a constant multiple of g.
Our proof of Theorem 1.1 is based on the classification of immersed minimal two-spheres in homogeneous three-spheres (S 3 , g), which has been obtained by Meeks, Mira, Pérez and Ros [12] . In a few words, up to ambient isometries, there exists a unique immersed minimal sphere, which is actually embedded and invariant under the antipodal map (see Theorem 2.1 for a more detailed statement). Denoting by G + the set of oriented minimal two-spheres in a homogeneous (S 3 , g), we verify that G + can be identified with S 3 itself, and that the following integral-geometric formula holds:
Formula (1) is well-known in the case of the round three-sphere, where minimal two-spheres are the totally geodesic equators (cf. Santaló [16] ). From this point, a proof of Theorem 1.1 can be given following essentially the same argument, based on the Uniformisation Theorem, used by Pu and Loewner to establish their theorems about systoles of projective planes and two-tori, respectively (see for example [10] , Section 1.B). We remark that the relevance of integral-geometric formulae similar to (1) in this sort of maximisation problem for one-systoles was already recognised, notably by Gromov and Bavard [4] .
Restricting our attention to the conformal class of the round metrics, we can thus state the following Corollary 1.2. If g is a Riemannian metric on RP 3 that is conformal to the round metric g 1 , then
, and equality holds if and only if g is a constant multiple of g 1 .
More generally, it seems to be an arduous task to calculate the actual value of the two-systole of all homogeneous metrics, which belong to a twoparameter family up to scaling (see Section 2), except perhaps in the case of the family of Berger metrics g ρ , ρ > 0, where explicit formulae can be deduced and a numeric computation is feasible. In Section 5, we show that the normalised two-systole of (RP 3 , g ρ ) attains a local strict minimum at the round metric (ρ = 1), and diverges to infinity as the parameter goes to either 0 or +∞. In a way, one can speak very concretely about systolic freedom (cf. [8] , Section 4): the normalised two-systole considered here is unbounded on the space of Riemannian metrics on RP 3 , even among homogeneous metrics with positive Ricci curvature.
In a companion paper [3] , we study the Simon-Smith width [17] of threespheres (S 3 , g). When a metric on S 3 is the pull-back of a metric g on RP by the canonical projection π : S 3 → RP 3 , and satisfies extra geometric assumptions, the width of (S 3 , π * g) provides a lower bound to twice the value of the two-systole of (RP 3 , g); for instance, this assertion holds for metrics admitting no stable minimal two-spheres. In [3] , we interpret the integral-geometric formula (1) as an evidence that the homogeneous metrics on the three-sphere should be local maxima of the normalised widths in their conformal classes as well. In fact, it was this expectation that led us to investigate the topics discussed here.
Minimal two-spheres in homogeneous three-spheres
Let S 3 denote the unit sphere in R 4 ≃ C 2 , centred at the origin,
The three-sphere S 3 can be identified with the Lie group SU (2) of the special unitary transformations of C 2 , which are represented by the two-bytwo complex matrices of the form z −w w z , where |z| 2 + |w| 2 = 1.
Under this identification, the group operation is given by
The left (respect. right) multiplication by an element (z, w) ∈ S 3 will be denoted by L (z,w) (respect. R (z,w) ). Notice that L (1,0) : S 3 → S 3 is the identity map, whereas L (−1,0) : S 3 → S 3 is the antipodal map.
The antipodal map commutes with all left translations. We can identify the quotient of S 3 by the antipodal map, i.e. the three-dimensional real projective space RP 3 , with the Lie group SO(3) of the special orthogonal transformations of R 3 .
For every Riemannian metric g on S 3 that is invariant under left translations there exists an orthonormal basis {E 1 , E 2 , E 3 } of left-invariant vector fields, and real numbers c 1 , c 2 and c 3 , such that
See [14] , Section 4, for more details. The canonical metric on S 3 corresponds to the parameters c 1 = c 2 = c 3 = 2. The Berger metrics g ρ , where ρ = 1 is a positive real number, corresponds to the parameters c 1 = 2 √ ρ and c 2 = c 3 = 2/ √ ρ. Up to a choice of orientation of S 3 , the constants c i can be taken to be all positive.
The isometry group of a left-invariant metric in S 3 will contain transformations other than left translations; in particular, it can have dimension three, four (Berger metrics) or six (round metric).
Any compact simply connected (locally) homogeneous Riemannian threemanifold is isometric to S 3 endowed with some left-invariant metric (see, for example, Theorem 2.4 in [13] ). Since the antipodal map is a left translation, the pull-back by the canonical projection π : S 3 → RP 3 establishes a bijective correspondence between homogeneous metrics on RP 3 and homogeneous metrics in S 3 . We will therefore use the terms "homogeneous" and "left-invariant" in this paper interchangeably.
The geometry of immersed two-spheres with constant mean curvature in a homogeneous three-sphere has been extensively studied by Meeks, Mira, Pérez and Ros [12] . The next proposition summarises those properties of minimal two-spheres that we will need to know for the applications we have in mind: The results of [12] are actually much more general and detailed, and the interested reader is encouraged to study their paper. For the sake of convenience, we will briefly sketch some steps of the proof of the above statement here, taking a slightly different path than the one described in the aforementioned work. In particular, based on the recent progress on min-max theory, one can prove i) directly; properties iii) and iv), which are important for us later, will be explained by different arguments.
Proof. First, we observe that, due to homogeneity of the metric g, any immersed two-sphere Σ in (S 3 , g) have nullity three (see Section 4 in [12] ). In particular, zero is an eigenvalue of the Jacobi operator of Σ that cannot be the first. Thus, no immersed minimal sphere in (S 3 , g) is stable. It follows that any left-invariant metric on S 3 satisfies the assumptions of the min-max Theorem 3.4 of Marques and Neves [11] . Hence, there exists an embedded index one minimal two-sphere Σ 0 in (S 3 , g), confirming i).
The next (and most important) step involves the study of the left-invariant Gauss map of an index one minimal two-sphere. A key point is to show that this map must be a diffeomorphism, and here the index one property is used in a crucial way. Then, a Hopf differential type argument is used to prove that all immersed minimal spheres are actually obtained by a left translation of the index one minimal sphere Σ 0 . Because details are involved, we refer the reader to the proof of items (1) and (2) of Theorem 4.1 in [12] (the paper [9] by Daniel and Mira contains an insightful discussion on the ideas at the origin of the argument).
Recall that the antipodal map L (−1,0) commutes with all left translations. Thus, in view of ii), in order to prove iii) it is enough to show that (S 3 , g) contains a minimal two-sphere that is invariant under the antipodal map. As the antipodal map is an isometry of (S 3 , g), we can pass to the quotient and look for minimal projective planes contained in (RP 3 , g), for the inverse image of any such surface will be a minimal sphere in (S 3 , g) with the required property. The existence of such surface can be shown, for example, by using Meeks-Simon-Yau Theorem to find the element of F with the least possible area, as indicated on Remark 7.2 in [12] (a detailed argument is presented in [6] , Proposition 2.3).
Finally, we prove item iv) as follows. Fix an orientation of Σ 0 by defining a normal unit vector field N . Let G : Σ 0 → S 2 denote the left-invariant Gauss map of Σ 0 : it assigns to each point p ∈ Σ 0 the unique unit vector
), which we can use to define the vector field
For every q ∈ S 2 , the vector X(q) is tangent to S 2 . Therefore there exists q 0 such that X(q 0 ) = 0. By Cauchy-Schwartz, it is immediate to conclude that either Φ(q 0 ) = q 0 or Φ(q 0 ) = −q 0 . In the first case, L (a,b) has a fixed point, and thus (a, b) = (1, 0). In the second case, the composition
Remark 2.
2. An immersed minimal two-sphere in the round three-sphere must be an embedded totally geodesic equator, as proven by Almgren [2] and Calabi [7] using the holomorphic differential technique pioneered by Hopf. Much later, Abresch and Rosenberg [1] constructed a new holomorphic differential on surfaces in Berger spheres and used it to show that immersed minimal two-spheres are rotationally invariant and unique up to ambient isometries. In [12] , Section 7, the (unique) minimal two-sphere in an arbitrary homogeneous three-sphere is constructed explicitly by geodesic reflection of certain Plateau discs along their boundaries, and their geometry is described in details.
The integral-geometric formula
The result stated in the previous Section allows us to understand the space of all minimal two-spheres in a three-sphere endowed with a homogeneous metric g completely. In fact, let G + be set of all oriented immersed minimal spheres in (S 3 , g) . By item ii) and iv) of Theorem 2.1, G + consists of embedded minimal spheres, and S 3 acts transitively and effectively on G + by left translations . Thus, G + can be identified with S 3 itself: choosing any Σ 0 in G + , the map
is a bijection. We use this map to endow G + with the Riemannian metric g and all derived structures (metric, topology, volume element). Notice in particular that the natural topology of G + (smooth graphical convergence) coincides with the topology induced by the above identification.
In the next theorem, we prove the integral-geometric formula (1).
Theorem 3.1. Let g be a homogeneous Riemannian metric on S 3 , and G + denote the set of all oriented minimal two-spheres in (S 3 , g). For every continuous function f on S 3 , the following formula holds:
f dV g .
Proof.
Let f be a continuous function on S 3 , and fix
is an orientation-preserving isometry, we can compute the integral of f over Σ by
In the above formula, (p, q) denotes the integration variable, which is an arbitrary point of Σ 0 . Clearly, Σ and Σ 0 have the same area in (S 3 , g ). Given the identification between G + and S 3 , we can now use Fubini's Theorem to compute
As any compact Lie group, S 3 is unimodular: the volume form dV g of the left-invariant metric g must be also invariant by right translations. Thus,
The two-systole of homogeneous metrics
The next Lemma is a direct consequence of formula (2). 
vol(S 3 , g) .
Moreover, equality holds if and only if g is a constant multiple of g.
Proof. Write g = φg for some positive smooth function φ on S 3 . For every Σ in G + , we have
Therefore, the integral-geometric formula (2) gives
.
where we used Hölder's inequality and the fact that dV g = φ Since G + is compact and the map Σ ∈ G + → area(Σ, g) ∈ R is continuous, the theorem follows.
Remark 4.2. From the proof of item iii) of Theorem 2.1, it should be clear that the value of w(g) in Lemma 4.1 is equal to twice the value of A(RP 3 , g), where g is the unique homogeneous metric on RP 3 such that the canonical projection π : (S 3 , g) → (RP 3 , g) is a local isometry.
We are now ready to prove Theorem 1.1:
Proof. By Theorem 2.1, each minimal sphere in the homogeneous (S 3 , π * g) is embedded and invariant under the antipodal map. Thus, every element of G + projects down to RP 3 as an element of F. The result is now a direct consequence of the definition of the two-systole, Lemma 4.1 and Remark 4.2.
The two-systole of Berger metrics
In this section, we compute the value of the normalised two-systole of Berger spheres. We follow the nice exposition of Torralbo in [18] and [19] . Given ρ > 0, the Berger metric on S 3 = {(z, w) ∈ C 2 ; |z| 2 + |w| 2 = 1} is defined by
where −, − denotes the Eulidean metric on R 4 ≃ C 2 and ξ : (z, w) ∈ S 3 → (iz, iw) ∈ C 2 is the vector field generating the Hopf action of S 1 on S 3 . Notice that g ρ (ξ, ξ) is constant and equal to ρ 2 , and that g ρ coincides with the standard metric in the orthogonal complement of ξ. The metric g 1 is the standard metric on the unit three-sphere S 3 . The volume of (S 3 , g ρ ) is equal to vol(S 3 , g ρ ) = ρvol(S 3 , g 1 ) = 2π 2 ρ.
For all values of ρ, the vector field ξ is an eigenvector of the Ricci tensor of g ρ associated to the eigenvalue 2ρ 2 . When ρ = 1, the other eigenvalue has multiplicity two and is equal to 4 − 2ρ 2 . In particular, (S 3 , g ρ ) has positive Ricci curvature when 0 < ρ < √ 2. As observed in [19] , Section 3, the horizontal two-sphere Σ 0 = {(z, w) ∈ S 3 ; w = w} is precisely the unique minimal two-sphere in (S 3 , g ρ ) up to ambient isometries, for all values of ρ > 0. An explicit formula for its area is given in [18] , Proposition 2. We perform the computation differently: using standard polar coordinates (s, θ) based at the north pole (0, 0, 1, 0) to parametrised Σ 0 , it is straightforward to calculate area(Σ 0 , g ρ ) = 2π The two-systole of (RP 3 , g ρ ) is equal to half the area of Σ 0 in (S 3 , g ρ ). Thus, up to the constant factor 1/ 3 √ π, the normalised two-systole of (RP 3 , g ρ ) is computed by the function It is possible to check that rather easily. In words: among Berger metrics, the normalised two-systole attains a strict local minimum at the round metric g 1 and diverges to infinity either as the size of the Hopf orbits increase beyond all bounds, or as they collapse to zero.
